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Difference in Differences

Sometimes we may feel we can impose more structure on
the problem.
Suppose in particular that we can write the outcome
equation as

Yie = i + di + BiTi + it
In the above we have now introduced a time dimension
t=1{1,2}.
Now suppose that T;; = 0 for all ¢ and T3 = 1 for a well
defined group of individuals in our population.
This framework allows us to identify the ATT effect under

the assumption that the growth of the outcome in the
non-treatment state is independent of treatment allocation:

E[Y;; = YAIT] = E[Y;; - Vi)

This is known as parallel trends.



Treatment Before a nd After

Effects
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Richard L. . . .
Sweeney An even simpler estimator is the event study.

oib e We look an outcome before or after an event
e A news event: the announcement of a merger or stock
split.

Synthetic DiD
e A tax change, a new law, etc.

E[Yiz — Ya|Tps = 1] = E[Y;3 — Y;i|Tiz = 1]

(2

=dy — dy + E[Bi|Ti2 = 1]

Except under strong conditions dy = di we shouldn’t
believe the results of the before and after estimator.
Main Problem: we attribute changes to treatment that
might have happened anyway trend.

e e.g: Cigarette consumption drops 4% after a tax hike.
(But it dropped 3% the previous four years).

Also worry about: anticipation, gradual rollout, etc.
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Difference in Differences

Let's try and estimate do — dy directly and then difference it
out. Here we use parallel trends:

E[Y5 = Y{|Tia = 1] = E[Y}3 — Y{|T;2 = 0]
ElYj2s —Yi|Tio =0] =ds — dy

We now obtain an estimator for ATT:
E[Bi|Tia = 1] = E[Y;2 — Yil|Tio = 1] — EYies — Yi|Ti2 = 0]

which can be estimated by the difference in the growth between
the treatment and the control group.
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Example: Minimum Wage

Minimum Wages and Employment:
A Case Study of the Fast-Food Industry
in New Jersey and Pennsylvania

By DaviD CARD AND ALAN B. KRUEGER®

On April 1, 1992, New Jersey's minimum wage rose from 34.25 to $5.05 per
hour. To evaluate the impact of the law we surveyed 410 fast-food restaurants in
New Jersey and eastern Pennsylvania before and after the rise. Comparisons of
employment growth at stores in New Jersey and Pennsylvania (where the
minimum wage was constant) provide simple estimates of the effect of the higher
minimum wage. We also compare emplovment changes at stores in New Jersey
that were initially paying high wages (above $3) to the changes at lower-wage
stores. We find no indication that the rise in the minimum wage reduced
employment. (JEL J30, J23)
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Rsid'a'd - TaBLE 1—SAMPLE DESIGN AND RESPONSE RATES
weeney
; Stores in:
pip All NI PA
Wave 1, February 15- March 4, 1992:
Synthetic DiD
Number of stores in sample frame:? 473 364 109
Number of refusals: 63 33 30
Number interviewed: 410 331 79
Response rate (percentage): 86.7 90.9 72.5
Wave 2, November 5—- December 31, 1992:
Number of stores in sample frame: 410 331 79
Number closed: 6 5 1
Number under rennovation: 2 2 0
Number temporarily closed:® 2 2 0
Number of refusals: 1 1 0
Number interviewed:© 399 321 78

®Stores with working phone numbers only; 29 stores in original sample frame had
disconnected phone numbers.
Includes one store closed because of highway construction and one store closed
because of a fire.
“Includes 371 phone interviews and 28 personal interviews of stores that refused an
initial request for a phone interview.
10/ 40
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TaBLE 3—AVERAGE EMPLOYMENT PER STORE BEFORE AND AFTER THE RISE
N NEw JERSEY MINIMUM WAGE

Stores by state

Stores in New Jersey®

Differences within NJ®

Difference, Wage = Wage = Wage= Low- Midrange-
PA NI NJ—-PA $4.25 $4.26-34.99 $5.00 high high
Variable 6] (i) (iii) (iv) W) (vi) (vii) (viii)
1. FTE employment before, 23.33 20.44 —-2.89 19.56 20.08 2225 —2.69 =217
all available observations  (1.35) (0.51) (1.44) ©.77) {0.84) 114y (13D (1.41)
2. FTE employment after, 21.17 21.03 -0.14 20.88 2096 20.21 0.67 0.75
all available observations 0.94) (0.52) (1.07) (1.01) {0.76) (1.03) (1.44) a.zn
3. Change in mean FTE -2.16 0.59 276 1.32 0.87 —-2.04 3.36 291
employment (1.25) (0.54) (1.36) (0.95) (0.84) (1.14) (1.48) (1.41)
4. Change in mean FTE -2.28 0.47 2.75 1.21 0.71 -2.16 336 2.87
employment, balanced (1.25) (0.48) (1.34) (0.82) {0.69) Loy 130 (122
sample of stores®
5. Change in mean FTE -228 0.23 2.51 0.90 0.49 -2.39 3.29 2.88
employment, setting (1.25) (0.49) (1.35) (0.87) (0.69) (1.02) (1.34) (1.23)

FTE at temporarily
closed stores to 0

Notes: Standard errors are shown in parentheses. The sample consists of all stores with available data on employment. FTE
(full-time-equivalent) employment counts each part-time worker as half a full-time worker. Employment at six closed stores
is set to zero. Employment at four temporarily closed stores is treated as missing.

"Stores in New Jersey were classified by whether starting wage in wave 1 equals $4.25 per hour (N = 101), is between
$4.26 and $4.99 per hour (N = 140), or is $5.00 per hour or higher (N = 73).

P Difference in employment between low-wage ($4.25 per hour) and high-wage ( = $5.00 per hour) stores; and difference
in employment between midrange ($4.26-$4.99 per hour) and high-wage stores.

“Subsel of stores with available employment data in wave 1 and wave 2.

In this row only, wave-2 employment at four temporarily closed stores is set to 0. Employment changes are based on the
subset of stores with available employment data in wave 1 and wave 2.
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Difference in Differences

Now consider the following problem:

Suppose we wish to evaluate a training program for those
with low earnings. Let the threshold for eligibility be B.
We have a panel of individuals and those with low earnings
qualify for training, forming the treatment group.

e Those with higher earnings form the control group.
e Now the low earning group is low for two reasons

@ They have low permanent earnings (c; is low) - this is
accounted for by diff in diffs.

@® They have a negative transitory shock (u;; is low) - this is
not accounted for by diff in diffs.

#2 above violates the assumption

E[Y;; = YIIT] = E[Y;; — Yil.

This is effectively regression to the mean: those unlucky
enough to have a bad shock recover and show greater
growth relative to those with a good shock. The nature of
the bias depends on the stochastic properties of the shocks
and how individiiale celect into fraininoc 13/4
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Who get's treated?

e The assumption on growth of the non-treatment outcome

being independent of assignment to treatment may be
violated, but it may still be true conditional on X.

Consider the assumption
B[y - YIX,T] = E[Y;3 - Y;j|X]

This is just matching assumption on a redefined variable,
namely the growth in the outcomes. In its simplest form
the approach is implemented by running the regression

Yit = a; +di + BTy + X + wit

which allows for differential trends in the non-treatment
growth depending on X;. More generally one can
implement propensity score matching on the growth of
outcome variable when panel data is available.
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DiD with Repeated Cross Sections

Suppose we do not have available panel data but just a
random sample from the relevant population in a
pre-treatment and a post-treatment period.

First consider a simple case where

BYS — Y3IT) = E[YS - V3.

We need to modify slightly the assumption to

E[YZg | Group receiving training| — E[YZ? | Group receiving training in the next period]

= B[Y;; - Y]
which requires additional assumption that the population
we will be sampling from does not change composition.
We can then obtain immediately an estimator for ATT as
E[Bi|Ti2 = 1]
= E[Y;2|Group receiving training] — F/[Y;1|Group receiving training next period|

- {E[n2|Non—trainees] — E[)/Zl |Group not receiving training next period]}

15/4
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' e More generally we need an assumption of conditional

independence of the form

Synthetic DiD
E[}/Zg |X, Group receiving training] - E[}/Z? ‘X, Group receiving training next period]
0 0
= E[Y;p|X] = E[Y;|X]

e Under this assumption (and some auxiliary parametric
assumptions) we can obtain an estimate of the effect of
treatment on the treated by the regression

Yie = ag + di + BT + v Xir + wit

16 / 40
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Difference in Differences with Repeated Cross
Sections

e More generally we can first run the regression
Yie = ag + dp + B(Xit)Tit + ' Xit + uit

where o is a dummy for the treatment of comparison
group, and 3(X;;) can be parameterized as

B(Xit) = B’ Xit. The ATT can then be estimated as the
average of ' X;; over the (empirical) distribution of X.

e A non parametric alternative is offered by Blundell, Dias,

Meghir and van Reenen (2004).
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DiD vs Fixed Effects

What if we have a long panel with many similar changes?
e Greenstone (2002): Counties move in and out of Clean Air
Act
e Evans, Ringel, and Stech (1999): Since 1975, more than
200 state cigarette tax changes
Fixed effects generalize DD with 7" > 2 periods and J > 2
groups
Advantage relative to DD: more precise estimates by
pooling several changes

Disadvantage: fixed effects is a black-box regression, more
difficult to check trends non-parametrically as with a single
change
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The best DiD’s can be seen graphically
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g e Sometime we might use a "placebo" DD to make parallel
DiD trends more convincing
e Example: Imagine a policy which offered STEM outreach
Synthetic DID to high school girls in Massachusetts

e Natural DiD control group: boys in MA

e However over time there could be general shifts in the
relative outcomes of boys and girls everywhere

e Suggest looking at how the difference between boys and
girls in MA changed relative to the changes in other states
(say RI)

e Logically sound, but much harder to see/ validate visually

20/ 40
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Difference in Differences and Selection on
Unobservables

Suppose we relax the assumption of no selection on
unobservables.
Instead we can start by assuming that

E[Y3|X, Z] - E[Y]|X, Z] = E[Y3|X] - E[Y3|X]

where Z is an instrument which determines training
eligibility say but does not determine outcomes in the
non-training state. Take Z as binary (1,0).
Non-Compliance: not all members of the eligible group

(Z = 1) will take up training and some of those ineligible

(Z = 0) may obtain training by other means.

A difference in differences approach based on grouping by

Z will estimate the impact of being allocated to the
eligible group, but not the impact of training itself.
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Difference in Differences and Selection on
Unobservables

Now suppose we still wish to estimate the impact of
training on those being trained (rather than just the effect
of being eligible)
This becomes an IV problem and following up from the
discussion of LATE we need stronger assumptions

e Independence: for Z = a,{Y35 - Y3,Y, - Y., T(Z =a)}

is independent of Z.

e Monotonicity 7;(1) > T;(0) Vi

In this case LATE is defined by

[E(AY|Z =1)— E(AY|Z =0)]/[Pr(T(1) =1) — Pr(T(0)

assuming that the probability of training in the first period
is zero.
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Synthetic Controls

DiD methods compare two groups before and after some
change.

Challenge: What's a good comparison group? Even if you
pick the best available option, might not track eachother
that closely even in the pre-period.

Moreover, if we don’t have another untreated group that is
well balanced against the treatment group, are we stuck?

Synthetic control methods pick weighted averages from
control population to construct better comparisons (Abadie
and Gardeazabal, 2003; Abadie, Diamond, and
Hainmueller, 2010)

Athey and Imbens (2017) call this “arguably the most
important innovation in the policy evaluation literature in
the past 15 years”.
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Initial motivation: Case studies

e Often we're interested in the aggregate effects of large,
singular policies.
e What was the impact of MassHealth?
Fukushima
Terrorism
German Re-unification

e What would a rigorous "case study" of these look like?

24 /40
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t=1,2,...,T periods.
DI e Unit 1 exposed to treatment in period T (continues to 7T')
Synthetic DiD

e Synthetic control estimator is

J+1
~ *
g = Yip — E w;Yji
=2

where w is a collection of weights.

e In Abadie, Diamond, and Hainmueller (2010) the
(non-negative) weights are chosen to minimize the distance
between some chosen vector of preintervention
characteristics (and sum to one).

e Subsequent literature has relaxed these.



Treatment
Effects
Part 2

Richard L.
Sweeney

Synthetic
Controls
Synthetic DiD

ADH Example: CA Prop 99

e Anti cigarette law in CA in 1988
e increased state excise tax by 25 cents per pack
e earmarked the tax revenues to health and anti-smoking
education budgets
e funded anti-smoking media campaigns
e spurred local clean indoor-air ordinances throughout the
state

e What was the net effect on sales?
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i Table 2. State weights in the synthetic California
Richard L.
By State Weight State Weight
DID Alabama 0 Montana 0.199
Alaska - Nebraska 0
Synthetic Arizona — Nevada 0.234
Controls Arkansas 0 New Hampshire 0
St PR Colorado 0.164 New Jersey -
References Connecticut 0.069 New Mexico 0
Delaware 0 New York -
District of Columbia - North Carolina 0
Florida - North Dakota 0
Georgia 0 Ohio 0
Hawaii - Oklahoma 0
Idaho 0 Oregon -
Illinois 0 Pennsylvania 0
Indiana 0 Rhode Island 0
lowa 0 South Carolina 0
Kansas 0 South Dakota 0
Kentucky 0 Tennessee 0
Louisiana 0 Texas 0
Maine 0 Utah 0.334
Maryland - Vermont 0
Massachusetts - Virginia 0
Michigan - Washington -
Minnesota 0 West Virginia 0
Mississippi 0 Wisconsin 0
Missouri 0 Wyoming 0 28 / 40
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Balance Acheived

Table 1. Cigarette sales predictor means

California

Average of
Variables Real Synthetic 38 control states
Ln(GDP per capita) 10.08 0.86 9.86
Percent aged 15-24 17.40 17.40 17.29
Retail price 80.42 89.41 87.27
Beer consumption per capita 24.28 24.20 23.75
Cigarette sales per capita 1988  90.10 91.62 114.20
Cigarette sales per capita 1980 120.20 120.43 136.58
Cigarette sales per capita 1975 127.10 126.99 132.81

NOTE: All variables except lagged cigarette sales are averaged for the 1980-1988 period
(beer consumption is averaged 1984—1988). GDP per capita is measured in 1997 dollars,
retail prices are measured in cents, beer consumption is measured in gallons, and cigarette
sales are measured in packs.
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What about inference

SE's typically reported reflect uncertainty in sample relative
to aggregate population.

ADH propose using a placebo test to assess null of no
change in CA.
Steps:

@ Randomly select one of the other .J control units / time

cutoffs and declare it treated.

® Construct synthetic controls and estimate ATT.

© Repeat many times
Since none of these units are actually treated, this test
distribution simulates distribution of the differences relative
to the synthetic control under the true null of no effect.
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Abstract

We present a new estimator for causal effects with panel data that builds on insights
behind the widely used difference in differences and synthetic control methods. Relative to
these methods, we find, both theoretically and empirically, that the proposed “synthetic
difference in differences” estimator has desirable robustness properties, and that it performs
well in settings where the conventional estimators are commonly used in practice. We study
the asymptotic behavior of the estimator when the s;

tematic part of the outcome model
includes latent unit factors interacted with latent time factors, and we present conditions
for consistency and asymptotic normality.

Arkhangelsky et al. (2020) synthesize recent developments in
synthetic controls, DiD, regularization. Video lecture available

here.
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Treatment

E,f::: tzs while the last Ny, = N — N, (treated) units are exposed after time Tj.. Similar to SC, we start
ol I by finding weights ¥4 that align pre-exposure trends in the outcome of unexposed units with
Sweeney those for the exposed units; Z;l @iy, ~ Nt Z:\LN“,H Yy forall t =1, ..., Tpe. We also
find time weights X?did that similarly balance pre-exposure time periods with post-exposure ones

DiD

(see Scctionfor details). Then we use these weights in a basic two-way fixed effects regression

to estimate the causal effect of exposure (denoted by T)

) ) . NI 2
References <7A_sdld7 i, &, ﬁ) = arg min {ZZ(Y’ h—ai—f— ”/m_) wls(hd)\jd;d ) (1.1)

In comparison, DID estimates the effect of treatment exposure by solving the same two-way

fixed effects regression problem without either time or unit weights:

(%‘“d, i, &, B) = arg min {i i(y“' —p—oi =B — ‘/VH,T)Z} . (1.2)

a,B,p,7 i=1 1
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Algorithm 1: Synthetic Difference in Differences (SDID)

Data: Y, W

Result: Point estimate 7544

Compute regularization parameter ¢ uqmg [22);

Compute unit weights &34 via (
@3);

1

2

3 Compute time weights Asdid yig

4 Compute the SDID estimator via the weighted DID regression

LRI A G —

) A NI 2
(fsdm‘ i, &, [1‘) = argmin {Z Z( i — = — [y — WuT) U:};dld)\;dld .
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_ DD SC_SDID
Richard L. Estimate 274 -198 -134
Y Standard error | (16.4) (7.7) (7.6)

DiD Table 1: Estimates for average effect of increased cigarette taxes on California per capita
cigarette sales over twelve post-treatment years, for difference in differences (DID), synthetic
controls (SC), and synthetic difference in differences (SDID), along with an estimated standard

Controls
Synthetic DiD error. We discuss the calculation of the standard errors for SDID in Section

References
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